This study investigates the triggering of vortex shedding by transverse and in-line forced oscillation of a circular cylinder placed in a uniform stream below the critical Reynolds number 47. The effect of Reynolds number, frequency and amplitude of cylinder oscillation is investigated numerically.
INTRODUCTION
For low values of the Reynolds number the flow is steady and two-dimensional. At the critical Reynolds number around Re c =47, the flow undergoes a Hopf bifurcation resulting in a two-dimensional oscillatory flow: the periodic vortex shedding. Below this point, the flow is considered to be steady, with twin vortices fixed to the cylinder. When Hopf bifurcation occurs the steady flow switches into unsteady flow with periodic vortex shedding [1] .
The critical Reynolds number has been identified by several authors, each with slightly different values. Norberg [2] , for instance, determined this critical value experimentally, giving Re=46.4±0.5 for aspect ratio over 50. Le Gal et al. [3] and Thompson and Le Gal [4] found Re=46.7 and Re=46.4 for the critical value, respectively, by solving the Stuart-Landau equation. Lange et al. [5] obtained 45.9 in their numerical study by extrapolating the amplitude of the lift coefficient to zero. Baranyi and Lewis [6] obtained Re c =46.8 using the same method.
Periodic vortex shedding has, however, been observed below this point. As early as the 1930s, an experiment had been performed at Re=44, at which a stationary cylinder had a steady closed near-wake. Plucking a wire triggered near-wake instability ( [7] , cited in [8] ). The motion of the wire was overcome by viscous damping after some time. The temporary vortex shedding was found even at Re=20. With a second technique, opening a valve at the side of the water tunnel, they managed to produce temporary vortex shedding down to Re=10. Taneda [9] (cited in [8] ) towed a cylinder and forced it to oscillate at various frequencies and amplitudes. By carrying out many measurements, he identified an approximate neutral stability curve for Re=10-800.
A completely different approach to obtaining vortex shedding below the critical Re is that of cooling a stationary cylinder. In their numerical study, Varaprasad Patnaid et al. [10] investigating the influence of buoyancy on wake structures, found that cooling a cylinder at Re=20 or 40 led to vortex shedding due to buoyancy opposing the vertical upward flow.
In order to gain a better understanding of flow features below Re c , another method for possibly instigating vortex shedding is applied here. In this study, the conditions for triggering vortex shedding below the critical Reynolds number are investigated by the forced oscillation of a cylinder in either transverse or in-line direction. There is little research on oscillating cylinders at such low Reynolds number, although there are a substantial number of studies above the critical value, especially for transverse cylinder oscillation. 
COMPUTATIONAL METHOD
A non-inertial system fixed to the cylinder is used to compute two-dimensional low-Reynolds number unsteady flow around a circular cylinder placed in a uniform stream and forced to oscillate in either transverse or in-line direction. The governing equations are the non-dimensional Navier-Stokes equations for incompressible constant-property Newtonian fluid, the equation of continuity and the Poisson equation for pressure.
On the cylinder surface, no-slip boundary condition is used for the velocity and a Neumann type boundary condition is used for the pressure. At the far region, potential flow is assumed. Potential flow is assumed as an initial condition except for the cylinder surface, where zero velocity is used.
Boundary-fitted coordinates are used to impose the boundary conditions accurately. The physical domain, bounded by two concentric circles, can be mapped into a rectangular computational domain where the spacing is equidistant in both directions (see Fig. 1 ). In the physical domain logarithmically spaced radial cells are used, providing a fine grid scale near the cylinder wall and a coarse grid in the far field. The governing equations and boundary conditions are also transformed into the computational plane and are solved by finite difference method. Space derivatives are approximated by fourth-order central differences, except for the convective terms for which a thirdorder modified upwind scheme is used. The Poisson equation for pressure is solved by the successive over-relaxation (SOR) method. The Navier-Stokes equations are integrated explicitly and continuity is satisfied at every time step. For further details see [11] .
The 2D code developed by the author has been extensively tested against experimental and computational results for a stationary cylinder ( [12] and [13] ) and computational results for cylinders oscillating in transverse or in in-line directions or following a circular path, including [14] , [15] and [16] with good agreement being found, [11] . For this study the dimensionless time step was varied from 0.000025 to 0.0005. Polar co-ordinates were used, the computational domain was characterized by R 2 /R 1 =60, and the number of grid points was 361x236. The minimal mesh size next to the cylinder surface was ΔR min /d=1.00879; the ratio of consecutive mesh sizes was constant at ΔR i+1 / ΔR i =1.0176). 
COMPUTATIONS
Computations were carried out at Reynolds number Re≤45. For a transversely oscillated cylinder computations were performed to find the effect of Re and of oscillation amplitude A y on the time-mean (TM) and root-mean-square (rms) values of lift C L , drag C D , base pressure C pb , torque t q , on mechanical energy transfer E, and on vortex structure and flow pattern. The range from Re=2 to 45 was investigated, and A y from 0.01-0.35.
For transverse oscillation, the non-dimensional frequency of oscillation f was kept constant at 0.108; this is roughly 90% of the non-dimensional vortex shedding frequency St 0 or the Strouhal number for a stationary cylinder in the vicinity of Re=47, although this is difficult to determine precisely. This frequency was chosen in order to achieve lock-in condition at relatively moderate oscillation amplitude values. For in-line cylinder oscillation, another frequency was also investigated, f=0.09, roughly corresponding to the frequency ratio of 0.75.
Computations were continued until a periodic solution was obtained. The displacement of the cylinder is described by
where Θ is a polar angle representing the initial condition for the cylinder motion. For this investigation, Θ=0º was used. Here, the total non-dimensional time t t =400 was amply sufficient to reach a fully-developed periodic solution.
Throughout this paper the lift and drag coefficients used contain the inertial forces originated from the non-inertial system fixed to the accelerating cylinder. Coefficients obtained by removing the inertial forces are often termed 'fixed body' coefficients [14] . The relationship between the two sets of coefficients can be written as
where subscript fb refers to the fixed body (understood in an inertial system fixed to the stationary cylinder), [17] , [18] . Since the inertial terms are T-periodic functions, their timemean values vanish, resulting in identical TM values for lift and drag in the inertial and non-inertial systems.
For one computation, all parameters (Re, A y , f, Θ) are fixed; after plotting the results for TM and rms values, the computation was repeated at a different Re. In this way, curves were obtained for the force coefficients versus Reynolds number. This procedure was then repeated at different A y values.
For a cylinder oscillated in-line to the main stream, computations were performed to find the effect of oscillation amplitude A x and frequency of oscillation f on the time-mean (TM) and rms values of lift C L , drag C D , base pressure C pb , torque t q , on mechanical energy transfer E, and on vortex structure and flow pattern. The range of A x was 0.3-0.5, and f=0.108 or 0.09. The cylinder displacement is described by
where Θ is a polar angle representing the initial condition for the cylinder motion, and Θ=0º was used. The total nondimensional time t t was varied in order to identify the time needed for a fully-developed periodic solution.
The non-dimensional energy transfer originally introduced by [19] for transversely oscillated cylinder was extended for a general two-degree-of-freedom motion of the cylinder by [11] .
where T is the motion period, x 0 and y 0 are the dimensionless displacement of the cylinder in x and y directions, respectively, and the over dot means differentiation by non-dimensional time. Some researchers prefer to use non-dimensional power transfer [20] instead of the energy transfer coefficient E.
TRANSVERSE CYLINDER OSCILLATION
Periodic oscillation can be found in a cylinder oscillated transversely even at quite low Reynolds numbers. Figure 2 gives one example of this, at Re=3. The dimensionless time t is given over a relatively short range; even this short a range required time-consuming computations, because of the small time steps required at this Re to meet the Courant-FriedrichsLevy (CFL) condition. Although periodic oscillation is obtained, vortex shedding does not occur at this low Reynolds number. A set of computations were carried out for a transversely oscillated cylinder at different Reynolds numbers below Re c , at varying amplitudes of oscillation. Time-mean (TM) and rms values of force coefficients are shown in Figs. 3-8 , and the mechanical energy transfer E in Fig. 9 . For lift and torque, the TM values are not shown, since identically zero values were obtained. Just as in the alternate vortex shedding domain above Re c , the TM values of lift and torque vanish for a cylinder in transverse motion, as occurs for stationary cylinders [11] .
From Fig. 3 , it can be concluded that C Lrms decreases with increasing Re, and values are smaller at smaller amplitudes of oscillation. Surprisingly, a very high amplitude oscillation is found at very low Re, especially at A y =0.35. Figure 4 shows the TM of drag, which is not much affected by the transverse oscillation, especially at lower Re. Here the values for a stationary cylinder (A y =0) are shown for comparison.
The rms of drag, shown in Fig. 5 , exhibits relatively little change with Re, but the effect of A y is quite pronounced. Increasing A y leads to a substantial increase in the rms value. The TM of negative base pressure is shown in Fig. 6 . It displays a similar trend to that shown for mean drag (see Fig. 4 ), but the effect of A y is stronger at larger Re values. Likewise, the rms of base pressure, Fig. 7 , shows a strong similarity to the rms of drag (see Fig. 5 ). The rms of torque shown in Fig. 8 shows some resemblance to the rms of lift (Fig. 3) , although the values are smaller and the slope of the curve is not as steep as for lift. Figure 9 gives the mechanical energy transfer as a function of Re for different A y values. This energy transfer was negative for all investigated cases, meaning that energy is transferred from the cylinder to the fluid. Even at Re above Re c , where the vortex shedding is well established, this is true [21] . As can be seen in the figure, this energy transfer is especially large at very low Reynolds numbers.
Vorticity contours are useful for shedding light on the vortex structure. The gray shows the clockwise (negative) vortices, while the black represents the counter-clockwise (positive) vortices. Flow is from left to right. For the set of figures shown here (Fig. 10) , the oscillation amplitude is kept constant at A y =0.35, the frequency of cylinder oscillation f=0.108, and the main parameter that is changed is Re. For very low Re, smaller t t is used to avoid excessive computational time, because of the very small time step required to meet the convergence criterion. Here, t t =100 for Re=10, 15, 20; t t =200 for Re=25, 30, 35. 
Figure 9. Mechanical energy transfer versus Reynolds number for different oscillation amplitudes
It can be seen from the figure that increasing Re leads to more fully developed vortices. Even at Re=10, we can observe a small shift in the position of the upper and lower vortex rows relative to each other. By Re=30 or 35 a regular Kármán vortex street appears with two single vortices shed in a period (2S). It should be noted that cylinder position at the instant when a 'snapshot' of the vorticity contour was taken is the same at t t =200, meaning identical cylinder positions for each.
Re=10
Re=25
Re=15

Re=30
Re=20 Re=35 Figure 10 . Vorticity contours at different Reynolds numbers, Ay=0.35, f=0.108, tt=200
As can be seen from Fig. 11 , the effect of A y at fixed Re of 45 and f is similar to that of varying Re, as seen in Fig. 10 . Even at A y =0.01 the vortex rows are shifted compared to each other, and as A y increases, the shift becomes more pronounced, and 2S vortex shedding is established at as low an amplitude as A y =0.05. Here t t =800 for A y =0.01 and 400 for the rest of the A y values, meaning that the cylinder position for all vorticity contours aside from A y =0.01 is identical, as can also be seen from the similarity of phase in the contours.
A y =0.01, t t =800
A y =0.15, t t =400
A y =0.05, t t =400 A y =0.20, t t =400 Figure 11 . Vorticity contours at different oscillation amplitudes, Re=45, f=0.108
Once begun, does the vortex shedding continue? This was investigated by abruptly stopping cylinder oscillation. The result of this can be seen in Fig. 12 , where the time history of the fixed body lift coefficient is shown. The cylinder was stopped at t=200, and the reaction was nearly immediate, with attenuation of oscillation proceeding rapidly, although remaining in the same frequency. Figure 13 shows vorticity contours at two instants, at t=200 and at t=600, by which point any flow oscillation has ceased due to the damping effect of friction. From this, it can be concluded that the Hopf bifurcation leading to vortex shedding is not subcritical, as it cannot sustain itself without mechanical cylinder movement. In all cases of transverse oscillation, the wake behaved like a linear system, i.e., only one frequency component was found in the time history of force coefficients, and it was equal to the forcing frequency f.
IN-LINE CYLINDER OSCILLATION
Unlike the case with a transversely oscillated cylinder, the process of periodic flow development proceeds slowly, and a much longer time is needed to reach a fully developed solution. This is illustrated in Fig. 14 , in which vorticity contours are shown for four instants for a cylinder oscillated in-line (Re=45, oscillation amplitude A x =0.4, f=0.108). Although times t t are different, cylinder position is identical (the rightmost position) for all cases shown in Fig. 14 except for the case of t t =800. As can be seen, at t t =800, the solution is not periodic. Note that the vortices of the opposite sign are parallel and shift slightly in relation to each other as time progresses. By t t =1500 the flow has become periodic, and appears to be fully developed, since no alteration can be found for vorticity contours at t t values of 1500, 2000 and 2500, even when examined in close-up (not shown here).
t t =1500 t t =2500 Figure 14 . Vorticity contours at four instants, Re=45, Ax=0.4, f=0.108 Figure 15 shows the zoomed in vorticity contours (upper row) and streamlines (lower row) at t t =800 and 1000 for the parameter set belonging to Fig. 14 . It can be seen in the lefthand column of Fig. 15 that at t t =800 both the vorticity distribution and streamlines satisfy reflection symmetry about the horizontal line through the center of the cylinder. In this case the curve separating positive and negative vortices is a straight line. Looking at the right-hand column of the figure belonging to t t =1000 reveals that the symmetry is broken and both vorticity and streamlines are asymmetric. For this parameter set the break in symmetry starts somewhere between t t =800 and 1000. Since such a long computational time is required for cylinders oscillating in-line, it was not possible to do all of the computations needed to plot systematically the TM and rms of force coefficients shown for transverse oscillation. For the same reason, the majority of computations for in-line oscillation were done at Re=45; computations at Re=40 required an even longer time to reach a periodic solution. Figure 16 shows vorticity contours at different A x values for Re=45, f=0.108, t t =2000. The effect of amplitude of oscillation can be seen clearly. At A x =0.35, there is still no shift apparent between the opposite sign vortices. A wavier pattern can be found for the transverse oscillation at A y =0.01 (see Fig. 11 ) than for this case, at much larger amplitude. Just a small increase in A x , however, begins to shift the position of vortices and creates a wavy pattern. This becomes more pronounced at A x =0.5, which appears to be nearing the Kármán vortex street. Please note the large value of t t here. Figure 17 shows the zoomed in vorticity contours and streamlines for the cases shown in the first row of Fig. 16 (Re=45, f=0.108, t t =2000). While the flow is symmetric around the horizontal axis for A x =0.35, the symmetry is broken for A x =0.40. It seems that for a set of fixed parameters a threshold value of an independent parameter exists, below which the flow is symmetric and no alternate vortex shedding occurs. For the case shown in Fig. 17 Fig. 18 , the position of opposite sign vortices remains parallel, even with increasing A x (cf Fig. 16 ). It can be seen in the figure that the smaller frequency inhibits the development of alternate vortex shedding, and even at the largest investigated amplitude value of A x =0.50 the flow remained symmetric. Computations were also repeated at f=0.16938 at the same A x and Re values (not shown here), and at the larger frequency, symmetry was already broken at A x =0.35. For in-line oscillation, just as for transverse oscillation, the wake behaved like a linear system, responding at only the forcing frequency f.
CONCLUSIONS
The triggering of vortex shedding by transverse and in-line forced oscillation of a cylinder is investigated below the critical Reynolds number 47. The effect of Reynolds number, frequency and amplitude of cylinder oscillation was investigated.
For both in-line and transverse cylinder oscillation, the wake behaved like a linear system, responding at only the forcing frequency f.
For transverse cylinder oscillation, time-mean and rms values of lift, drag, base pressure and torque coefficients are shown for different values of Re and oscillation amplitude A y . In general, A y has a strong effect at very low Re for time-mean values; for rms, A y has a very strong effect on values throughout the Re domain. Periodic time-history curves were reached as low as Re=3, but vortex shedding did not occur at that value. Vorticity contours display periodic vortex shedding from relatively low Re and A y values, and changes in Re and A y had similar effects. If the cylinder is stopped the flow oscillation is attenuated rapidly by the friction. From this, it can be concluded that the Hopf bifurcation leading to vortex shedding is not subcritical, as it cannot sustain itself without mechanical cylinder movement.
In the case of in-line cylinder oscillation, higher Re/A x combinations are required to reach periodic vortex shedding, and a much longer time is needed to reach a fully developed solution. Here again, an increase in Re or A x triggers periodic vortex shedding; an increase in the frequency of cylinder oscillation seems to have the same effect. There exist threshold parameter values below which the flow remains symmetric.
For in-line cylinder oscillation, the flow in the wake of the cylinder remains symmetric much longer (in terms of the time needed for development of a periodic state) and larger amplitude values are required for alternate vortex shedding to begin, compared with transverse oscillation. Clearly it is more difficult to break the symmetry of the flow for in-line oscillation, and thus transverse oscillation is more efficient in triggering vortex shedding than in-line oscillation.
A more systematic investigation of the effect of parameters is needed, particularly for the cylinder oscillating in-line, which requires a great deal of computational time.
